In this paper we look for periodic orbits for a Lagrangian system in a complete Riemannian manifold under the action of an eventually unbounded potential. An upper bound on the fixed period is obtained by means of variational tools involving penalization arguments and Morse theory.
Introduction
In this paper we look for periodic orbits on a complete Riemannian manifold under the action of a potential which grows at most quadratically. First of all, let us introduce some notations.
Here on, (M, · , · ) denotes a connected finite-dimensional Riemannian manifold and d(· , ·) the distance canonically associated to the Riemannian metric on M.
Furthermore, fixed T > 0, let V : (x, s) ∈ M × R → V (x, s) ∈ R be an at least C 1 function which we assume T -periodic in s.
Thus, on M we consider the problem and look for its solutions which we call periodic orbits (of period T ).
Our main result can be stated as follows. [v, v] v, v < λ.
Then, if
a solution of problem (1.1) exists and it is non-constant if integer q in (1.2) is large enough.
Clearly, when V ≡ 0, our result has to be consistent with previous ones about closed geodesics on non-compact manifolds. On this topic, two of the main results are stated in [6, 16] . More precisely, in [16, Theorem 3.3] Thorbergsson proves the existence of a closed geodesic on a non-contractible Riemannian manifold M with non-negative sectional curvature outside a compact set, which means to study the problem on a compact subset of M. Subsequently, in [6, Theorem 1.1], by means of variational tools Benci and Giannoni work on the whole manifold M (up to a non-trivial topology hypothesis, i.e., (M 2 )), so, they introduce a new "complementary" metric assumption, that is
Let us point out that condition
Anyway, a negative curvature assumption is needed. In fact, it is known that on complete Riemannian manifolds of positive curvature closed geodesics may not exist (see [11] ).
On the other hand, if V ≡ 0 the existence of periodic orbits has already been studied both if potential V is bounded (see [3] if M is compact and [1, 8, 15] if M is non-compact but with boundary) and if it is at most quadratic (see [9, 13] ).
Here, we deal with a complete (possibly) unbounded manifold M and an at most quadratic potential V . Our aim is to prove Theorem 1.1 by using a variational approach as in [6] . But, in our setting, since potential V can be unbounded we need assumption (M 1 ), as condition (1.4) is too weak. Moreover, our result improves previous ones in [9, 13] in two different ways: firstly, all the hypotheses on V are ruled out up to (V 1 ); secondly, condition (1.3) is significantly weaker than their estimate on period T , i.e., 4λT 2 < 1.
Remark 1.2.
In the case of non-autonomous systems, up to particular "behaviors" of potential V , there are not trivial periodic orbits (i.e., constant solutions of (1.1)). On the other hand, if V = V (x) is independent of s, trivial periodic orbits of problem (1.1) surely exist whenever V has critical points on M. Anyway, we can always avoid trivial solutions taking q in (1.2) large enough (i.e., q >q withq as in (3.22) ). Remark 1.3. Assumption (V 1 ) implies that potential V is at most quadratic for λ > 0 (for λ 0 it has at most a linear growth). Indeed, by [5, Lemma 2.2] it follows that there exist μ, k ∈ R such that
At any case, here on, without loss of generality, we will consider λ > 0 and μ = 0, that is,
Remark 1.4. In [7] the authors investigate the existence of solutions of the two-points problem related to the equation in (1.1), i.e.,
In such a paper it has been proved that conditions (1.3) and (1.6) are enough in order to solve (1.7). But, unluckily, such two hypotheses are not sufficient to prove the existence of periodic orbits solving (1.1). In fact, in this case penalization arguments have to be used, and thus, stronger assumptions are needed in order to overcome them.
Even more, it seems that (1.3) is not the best possible estimate of problem (1.1), as it was for the two-points problem (1.7) (see [7, Example 3.6] ). In fact, by using different hypotheses and techniques it has been proved that problem (1.1) with M = R N has T -periodic orbits when λT 2 < 4π 2 (see [2, 10] and Remark 3.10). Finally, if M = R N nothing is known about problem (1.1) when V grows more than quadratically.
Variational tools
denotes the Hilbert space of the absolutely continuous curves whose derivatives are square summable and
If M is smooth enough (at least C 3 ) by the Nash Imbedding Theorem it can be smoothly isometrically imbedded in some Euclidean space R N ; hence,
can be identified with the submanifold of the curves of
It is known that
Clearly, if we define
Let us point out that, since the space of solutions of the system of differential equations
Moreover, Λ 1 (M) is complete if M is complete, i.e., if it is a complete submanifold of Euclidean space R N (for more details, see [12] ).
In order to state the abstract critical point theorem we will use in the following (see Theorem 2.1 below), we recall some basic definitions.
Let Λ be a C 2 manifold modelled on a Hilbert space and F ∈ C 2 (Λ, R). We recall that the strict Morse index of a critical pointȳ of F , denoted by m(ȳ, F ), is the dimension of the maximal subspace of TȳΛ where the Hessian of F is negative definite. The large Morse index of a critical pointȳ of F , denoted by m * (ȳ, F ), is the dimension of the maximal subspace of TȳΛ where the Hessian of F is negative semidefinite.
A According to the definition in (M 2 ), for any q ∈ N we set
where i * is the induced map in homology by inclusion i : A → Λ. The proof of Theorem 1.1 is based on the following result (see [6, Theorem 3.4] and references therein). 
Proof of Theorem 1.1
Here on, we shall consider on a Riemannian manifold
Standard arguments show that the solutions of (1.1) are the critical points of functional
If V is bounded from above, clearly f is bounded from below, but here we deal with potentials which can be unbounded; hence, two problems arise in the search of critical points of f :
• f may not be bounded from below;
• due to the periodicity of the problem and to the (possible) unboundedness of the manifold, f may not satisfy the Palais-Smale condition (indeed, Palais-Smale unbounded sequences may exist).
In order to overcome these problems, we shall introduce a suitable penalization scheme which allows critical points of f to be found. In fact, we shall apply Theorem 2.1 to the penalized functionals and, then, we will be able to find critical points of f , i.e., solutions of (1.1).
Fixed x 0 ∈ M as in Theorem 1.1, let us consider a function U ∈ C 2 (M, R + ) such that
(such a function always exists and can be constructed on M by a regularization of the function d 3 (· , x 0 ), for instance by using a partition of unity). Clearly, by (3.1) it follows that for all M > 0 a constant k 1 > 0 exists such that
Fixed any ε ∈ ]0, 1], let ψ ε ∈ C 2 (R + , R + ) be an increasing function such that
and ψ ε (σ ) σ for all σ 0. It is easy to check that
So, on Λ 1 (M) we consider the family of penalized functionals
Clearly, (3.3) and (3.5) imply In order to apply Theorem 2.1 to perturbed functionals f ε defined in (3.7), we have to prove some preliminary lemmas. 
where · denotes the usual L 2 -norm. 
By (1.3) a constant σ > 0 can be chosen so that
Hence, by (1.6) and (3.10)-(3.13) it follows
On the other hand, we can take a constant M > λ 2 (T + 1 σ ) and consider a suitable k 1 > 0 such that (3.2) holds. Then, fixed ε ∈ ]0, 1], from (3.7), (3.6), (3.14) and (3.2), we have
i.e., (3.9) holds. 
ξ m 0 weakly and ν m → 0 strongly in
Thus, standard arguments imply 
In order to complete the proof of Theorem 1.1, the last steps are "removing" the penalization on the critical points found in Proposition 3.5 and avoiding the constant solutions. To this aim, we can state a particular version of Poincaré inequality on a Riemannian manifold and can give an estimate of the large Morse index of the constant critical points of penalized functionals f ε .
Lemma 3.6. Given a curve
with Z x defined as in (2.2).
Proof. Let {e
On the other hand, taking into account that
and thus,
In particular, if v ∈ Z x then (a 1 , . . . , a n ) belongs to
Therefore, the proof of (3.19) reduces to show
which is true for all (a 1 , . . . , a n ) Proof. Firstly, let us remark that (V 1 ) implies the existence of a suitableλ λ such that
On the other hand, it is well known that − (a 1 , . . . , a n ) ∈ (Hk) ⊥ it is (3.23)
Moreover, as x ε ≡x is constant, we can fix an orthonormal basis 
hence, x ε is a critical point of f which solves (1.1). Now, in order to prove (3. In these assumptions we claim that In fact, without loss of generality, we can assume that From one hand, since the singular homology has compact support, a compact subset C ∈ Γ q exists; thus, by (3.4) and (3.17) we have
On the other hand, if ( ẋ m ) m is bounded, then (3.27) follows by (3.26); while, if ( ẋ m ) m diverges positively (up to subsequences), then (3.27) follows by (3.8), (3.14), (3.29) and assumption (3.28). Now, we want to estimate the large Morse index of x m taking into account that (3.27) holds. By solving explicitly (3.30) it is possible to show that it admits non-trivial solutions if and only if it is λT 2 = 4k 2 π 2 (k ∈ Z). On the contrary, for all the other values of T there exist only closed non-periodic orbits. In this example Theorem 1.1 does not apply since condition (M 2 ) fails. Remark 3.10. Let us point out that, in the study of two-points problem (1.7), if x is a curve joining the two fixed points, then each tangent vector v is such that v(0) = v(T ) = 0. Thus, inequality (3.19) is always satisfied and ( π T ) 2 is the best constant as it is the first eigenvalue of −d 2 /ds 2 with Dirichlet boundary conditions. Instead, the first non-trivial eigenvalue of −d 2 /ds 2 with periodic boundary conditions is ( 2π T ) 2 ; hence, maybe, estimate (1.3) can be improved but not by using the family of penalized functionals defined in (3.7).
